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FAMILIES OF TRIANGULINE REPRESENTATIONS AND
FINITE SLOPE SPACES
EUGEN HELLMANN
Abstract. We apply the theory of families of (ϕ,Γ)-modules to tri-
anguline families as defined by Chenevier. This yields a new definition
of Kisin’s finite slope subspace as well as higher dimensional analogues.
Especially we show that these finite slope spaces contain eigenvarieties
for unitary groups as closed subspaces. This implies that the represen-
tations arising from overconvergent p-adic automorphic forms on certain
unitary groups are trianguline when restricted to the local Galois group.
1. Introduction
The idea of a finite slope space follows an construction of Kisin [Ki1] who
aims at giving a new description of the eigencurve using families of p-adic
Galois representation instead of overconvergent p-adic modular forms. The
starting point for this construction is the observation that the Galois repre-
sentations arising from overconvergent p-adic eigenforms f admit one crys-
talline period after restriction to a decomposition group at p. Even better,
the crystalline Frobenius acts on this period via multiplication with the Up-
eigenvalue of f . The finite slope space of Kisin [Ki1] is a space parametrizing
deformations ρ of a fixed residual representation ρ¯ of a global Galois group,
together with one crystalline period of the restriction ρ|Gp to the local Galois
group at p.
The existence of a crystalline period can be generalized to the notion of a
trianguline (ϕ,Γ)-module, as defined by Colmez [Co], see also Berger’s survey
article [Be]. These objects form a special class of (ϕ,Γ)-modules over the
Robba ring, namely those (ϕ,Γ)-modules that are a successive extensions of
one-dimensional ones. In this article we give a new definition of a finite slope
space using families of trianguline (ϕ,Γ)-modules as defined by Chenevier
[Ch2]. One of the main steps is to use the construction of a family of Galois
representations inside a family of (ϕ,Γ)-modules. This construction is carried
out in our paper [He2] building on work of Kedlaya and Liu [KL].
Finally, we will construct additional structures on the finite slope space
that look similar to the structures on eigenvarieties for unitary groups, as
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studied by Bellaiche and Chenevier in [BeCh]. These extra structures will
yield a map from the eigenvariety to our finite slope space, which turns out to
be a closed embedding. We conjecture that this map induces an isomorphism
of an eigenvariety for a unitary group onto a union of irreducible components
of (some modification of) the finite slope space.
We show that this conjecture is equivalent to a conjecture of Bellaiche and
Chenevier concerning the local geometry of an eigenvariety at non-critically
refined points. And, even better, it is enough to prove the conjecture of
[BeCh] for just one non-critical crystalline point in each irreducible compo-
nent.
More precisely, our results are as follows. Let Gp = Gal(Q¯p/Qp). We write
T for the space of continuous characters of Q×p and let T
reg
d ⊂ T
d be the set
of characters satisfying a certain regularity condition (compare (2.2) for the
precise definition). Let τ¯ : Gp → F be a continuous pseudo-character with
values in a finite field F and write Xτ¯ for the generic fiber of the universal
deformation ring of τ¯ .
Theorem 1.1. Let p > d and let τ¯ : Gp → F be a continuous pseudo-
character of dimension d.
(i) There is a space Sns(τ¯) of trianguline Gp-representations with regular
parameters (i.e. with a morphism Sns(τ¯) → T regd ) such that the trace of
the trianguline family reduces to τ¯ modulo the ideal of topologically nilpotent
elements (see (2.1)).
(ii) The induced morphism πτ¯ : S
ns(τ¯ )→ Xτ¯ × T
reg
d is finite and injective.
Remark 1.2. (i) The morphism is in general not a closed embedding but
indeed only finite and injective: The space Sns(τ¯) carries a family of Galois
representations, while Xτ¯×T
reg
d carries a family of pseudo-characters. Hence
the field extension k(x) over k(πτ¯ (x)) is in general not the identity.
(ii) It seems that the assumption p > d is not necessary. We make this
assumption, as we have to use pseudo-characters. However, using the theory
of determinants developed by Chenevier in [Ch1] it should be possible to
remove this assumption.
We write X(τ¯ )reg for the image of Sns(τ¯) and X(τ¯ ) ⊂ Xτ¯ × T
d for its
Zariski-closure. This space is the local finite slope space. We show that X(τ¯ )
coincides with Kisin’s definition of a finite slope space in the 2-dimensional
case. As an application of the construction, we find that the finite slope
space has the following properties.
Corollary 1.3. (i) The connected components of X(τ¯ ) are irreducible of
dimension 1 + d(d+1)2 = 1 + dimB, where B ⊂ GLd is a Borel subgroup.
(ii) Let X˜(τ¯) denote the union of irreducible components of X(τ¯ ) that contain
at least one crystalline point. Then X˜(τ¯ ) is the universal refined family1 of
1in the sense of Bellaiche and Chenevier. See also Definition 3.18.
TRIANGULINE REPRESENTATIONS AND FINITE SLOPE SPACES 3
Gp-representations. Especially, the crystalline representations are Zariski-
dense and accumulation.
Let E be a finite extension of Q and S a finite set of primes of E. Let GE,S
denote the Galois group of the maximal extension of E that is unramified
outside S and let τ¯ : GE,S → F be a pseudo-character. We assume that p com-
pletely splits in E and write τ¯p for the restriction of τ¯ to Gp = Gal(Q¯p/Qp).
Let X(τ¯ ) be the base change of the local finite slope space X(τ¯p) along the
canonical map
Xτ¯ → Xτ¯p
between the generic fibers of the universal deformation rings of τ¯ resp. τ¯p.
We show that this space admits additional structures that are similar to the
structures that one has for eigenvarieties for forms of GLd. Especially there
is an action of an unramified Hecke-algebra Hur and of the Atkin-Lehner
ring Ap.
To compare our finite slope spaces with eigenvarieties, we follow closely
the exposition in the book [BeCh] of Bellaiche and Chenevier. Assume that
E is an imaginary quadratic extension of Q with norm N : E → Q. Let G
be the definite unitary group attached to the hermitian form (x1, . . . , xd) 7→∑
iN(xi). We assume that p splits in E and hence G is split at p. Let Y
denote the eigenvariety (compare Definition 4.7) associated to a certain set
Z (see (4.2)) of automorphic representations of G(A).
Theorem 1.4. There is a closed embedding Y (τ¯) → X(τ¯ ) of the τ¯ -part of
the eigenvariety into the finite slope space X(τ¯ ).
This result has the following consequences:
Corollary 1.5. Let ρ¯ : GE,S → GLd(F) be an absolutely irreducible repre-
sentation with coefficients in a finite extension of Fp and p > d.
(i) The Galois-representations associated to the p-adic automorphic forms on
the ρ¯-part Y (ρ¯) of the eigenvariety Y are trianguline when restricted to Gp.
(ii) Let Z ⊂ Y (ρ¯) be an irreducible component such that there exists a point
z ∈ Z such that the GE,S-representation ρz at z is absolutely irreducible
when restricted to Gp .Then the family of GE,S-representations on Y (ρ¯) is a
trianguline family over an Zariski-open dense subset of Z.
After the writing of this paper was finished the author was informed that
R. Liu [Liu] has obtained similar results as in the first part of this paper,
using different methods.
Acknowledgements: I thank G. Chenevier for a conversation which was
the starting point of this paper and for his remarks on the first version of this
paper. Further I thank M. Rapoport, T. Richarz and P. Scholze for helpful
conversations. The author was partially supported by the SFB TR 45 of the
DFG (German Research Foundation).
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2. Preliminaries
We recall some definitions and results of our paper [He2] as well as some
results from Chenevier’s paper [Ch2].
2.1. Families of p-adic Galois representations and pseudo-characters.
Throughout the first part of the paper we work over the base filed K = Qp
and write Gp = Gal(Q¯p/Qp) for its absolute Galois group. Let X be a re-
duced adic space locally of finite type over Qp. A family of Gp-representations
on X is vector bundle V on X which is endowed with a continuous OX-linear
Gp-action.
For 0 ≤ r ≤ s < 1 let
B[r,s] = Spa(Qp〈p
−sT, prT−1〉,Zp〈p
−sT, prT−1〉)
denote the closed annulus of inner radius r and outer radius s over Qp. We
write
RX = B
†
X,rig = lim−→r
lim
←−s
Γ(X × B[r,s],OX×B[r,s])
for the relative Robba ring on X which is endowed with an OX -linear en-
domorphism ϕ and a continuous OX -linear action of the pro-cyclic group
Γ ∼= Z×p , see [He2, 2]. A family of (ϕ,Γ)-modules on X is an RX-module D
which is locally on X free of finite rank over RX together with a ϕ-linear
automorphism Φ : ϕ∗D → D and a semi-linear action of Γ commuting with
Φ. Recall further that a (ϕ,Γ)-module D over RX is called étale, if it admits
a lattice over the integral subring
RintX = A
†
X = lim−→r
lim
←−s
Γ(X × B[r,s],O
+
X×B[r,s]
),
see also [He2, 4] for the definitions. By the work of Berger and Colmez
[BeCo] there is a fully faithful functor
V 7−→ D†rig(V)
from the category of families of Gp-representations on X to the category of
families of (ϕ,Γ)-Modules on X. Given a family D of (ϕ,Γ)-modules on
X, the main result of [He2] shows that one can construct a natural open
subspace of X over which D is induced by a family of Gp-representations:
Theorem 2.1. Let X be a reduced adic space locally of finite type over Qp
and let N be a family of (ϕ,Γ)-modules over the relative Robba ring RX .
(i) There is a natural open and partially proper subspace Xadm ⊂ X and a
family V of Gp-representations on X
adm such that
N|Xadm = D
†
rig(V).
(ii) The formation (X,N ) 7→ (Xadm,V) is compatible with base change in
X and X = Xadm whenever the family N comes from a family of Galois
representations.
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We further will make use of families of pseudo-characters, see [BeCh, 1]
and the references cited there for example. For an adic space X (locally
of finite type over Qp) and a (continuous) map T : Gp → OX such that
T (xy) = T (yx) for all x, y ∈ Gp and σ ∈ Sm, we define T
σ as follows:
If σ = (j1, . . . , jm) ∈ Sm is a cycle and x = (x1, . . . , xm) ∈ A
m, then
T σ(x) = T (xj1 · · · xjm) and if σ = σ1 · · · σr is a product of cycles, then
T σ =
∏
T σi . Further we set Sm(T ) =
∑
σ∈Sm
ε(σ)T σ . Then the map T is
called a pseudo-character if there exists an integer d such that Sd+1(T ) = 0.
The smallest integer d such that this is the case is called the dimension of
the pseudo-character T .
The theory of pseudo-characters of dimension d is well behaved if d! is
invertible. As we need to reduce our pseudo-characters and representations
modulo p we always assume that p > d. The following proposition summa-
rizes the facts on pseudo-characters that will be needed in the sequel.
Proposition 2.2. Let G be a group and A a ring.
(i) Let ρ : G→ GLd(A) be a representation. Then tr ρ is a pseudo-character.
(ii) If A is an algebraically closed field such that d! ∈ A×, then ρ 7→ tr ρ
induces a bijection between semi-simple representations on d-dimensional A-
vector spaces and A-valued pseudo-chararacters of dimension d. If G is pro-
finite and A = F¯p or A = Q¯p, then ρ is continuous if and only if tr ρ is
continuous.
(iii) Let F be a finite field of characteristic p and G a pro-finite group sat-
isfying Mazur’s p-finiteness condition. If τ¯ : G → F is a pseudo-character,
then the deformation functor of τ¯ is pro-representable by a complete local
Noetherian W (F)-algebra Rτ¯ .
(iv) If ρ¯ : G→ GLd(F) is absolutely irreducible, then Rtr ρ¯ pro-represents the
deformation functor of ρ¯.
As Gp is compact, a family of continuous pseudo-characters T : Gp → OX
actually factors over O+X ⊂ OX . It is then obvious that the reduction modulo
p, i.e. the composition
(2.1) Gp −→ O
+
X −→ O
+
X/O
++
X ,
is locally constant on X, as it is continuous and O+X/O
++
X is discrete. Here
O++X ⊂ O
+
X denotes the ideal of topologically nilpotent elements.
If τ¯ : Gp → F is a pseudo-character with values in a finite field F, we write
Rτ¯ for the universal deformation ring of τ¯ with universal pseudo-character
τ . Further we write Xτ¯ for the generic fiber of Spf Rτ¯ .
For later applications we introduce the following variants: We write D˜τ¯
for the functor
D˜τ¯ (S) =
{
(f, ρ)
∣∣∣∣ f : S → Spf Rτ¯ and a continuous representationρ : Gp → GLd(OS) such that tr ρ = f∗τ
}
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on the category NilW (F) of W (F)-schemes
2 S such that p is locally on S
nilpotent in the structure sheaf OS . Further we let D

τ¯ denote the quotient
of D˜τ¯ which is obtained by forgetting the Gp action on O
d
S . These functors
are pro-representable by formal schemes X˜τ¯ and X

τ¯ such that X

τ¯ → Spf Rτ¯
is a GˆLd-torsor, and X˜

τ¯ → X

τ¯ is formally of finite type. We write X

τ¯ and
X˜

τ¯ for the generic fibers of these formal schemes. Especially it follows from
the above that X˜τ¯ → Xτ¯ is of finite type.
2.2. Families of trianguline (ϕ,Γ)-modules. In [Ch2], Chenevier has de-
fined the notion of a family of trianguline (ϕ,Γ)-modules generalizing the
definition of a trianguline (ϕ,Γ)-module, see [Be] for a survey. Let us briefly
recall his definitions.
Let X be an adic space locally of finite type and let
δ : Q×p −→ Γ(X,O
×
X)
be a continuous character. Then we write RX(δ) = RXeδ for the family of
rank one (ϕ,Γ)-modules over X, on which Γ acts via δ|
Z
×
p
and Φ acts via
δ(p), i.e. Φ(eδ) = δ(p)eδ and γ.eδ = δ(γ)eδ . We write T for the space of all
continuous characters of Q×p , i.e.
(2.2) T (A) = {continuous characters Q×p −→ A
×}
for an affinoid algebra A. This space is a product T = W × Gm, where W
is the space of continuous characters of Z×p .
Further T reg ⊂ T denotes the Zariski-open subspace of regular characters,
that is those characters δ such that δ 6= x−i and δ 6= χxi for i ≥ 0. Here
x ∈ T (Qp) is the tautological character and χ ∈ T (Qp) is the cyclotomic
character.
Fix an integer d > 0. We write T regd ⊂ T
d for the Zariski-open subspace
of all (δ1, . . . , δd) ∈ T
d such that δi/δj ∈ T
reg for i 6= j.
We denote by Sd the space of trianguline regular rigidified (ϕ,Γ)-modules,
i.e
Sd (X) = {(D,Fil•(D), δ, ν = (ν1, . . . , νd))},
where D is a (ϕ,Γ)-module over RX and Fil•(D) is a filtration of D by RX-
subspaces stable under Φ and Γ and which are locally on X direct summands
of D. Further δ = (δ1, . . . , δd) is an X-valued point of T
reg
d and ν is a family
of isomorphisms of (ϕ,Γ)-modules
νi : Fili+1(D)/Fili(D) −→ RX(δi).
This space comes along with a canonical morphism
Sd −→ T
reg
d
2Here the morphism f : S → Spf Rτ¯ is a morphism of functors on the category NilW (F).
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which is smooth of relative dimension d(d − 1)/2, see [Ch2, Theorem 3.3].
By the construction in [Ch2] one obtains Sd inductively as follows: We
have S1 = T . For d > 1 consider the open subset Ud ⊂ T × S

d−1 mapping
to T regd ⊂ T × T
reg
d−1 under the canonical projection. Then S

d is the space
attached to a vector bundle Md of rank d− 1 on Ud.
If we inductively apply the same construction with the projective bundle
P(Md) attached toMd, then one ends up with a space S
ns
d whose X-valued
points are given as follows:
Snsd (X) = {(D,Fil•, δ)},
where D, Fil• and δ are as above, the subquotient Fili+1(D)/Fili(D) is
isomorphic to RX(δi) (but this time we do not fix the isomorphism) and for
all (geometric) points x→ X the sequences
0→ Fili(D)⊗ k(x)→ Fili+1(D)⊗ k(x)→
(
Fili+1(D)/Fili(D)
)
⊗ k(x)→ 0
are non split for i = 0, . . . , d−1. By construction, the morphism Snsd → T
reg
d
is proper and smooth of relative dimension (d − 1)(d − 2)/2. We will write
Dnsd for the universal family of non-split trianguline (ϕ,Γ)-modules on S
ns
d
3. Construction of the local component
We continue to use the notations of the preceding section.
By Theorem 2.1 there is an open subspace Sns,admd ⊂ S
ns
d over which the
universal trianguline family Dnsd is induced by a family of Gp-representations.
Let us write TS for the associated pseudo-character, i.e. the trace of the
family of Gp-representations. For an open affinoid Spa(A,A
+) ⊂ Sns,admd
this is a map
TA : Gp −→ A.
Let τ¯ : Gp → F be a pseudo-character with values in a finite field F, write
Rτ¯ for the universal deformation ring of τ¯ and Xτ¯ for the generic fiber of
Spf Rτ¯ with universal pseudo-character τ . If we write S
ns(τ¯) for the open
and closed subset of Sns,admd , where TS reduces to τ¯ in the special fiber, then
there is a morphism
fτ¯ : S
ns(τ¯ ) −→ Xτ¯
such that TS |Sns(τ¯ ) = f
∗
τ¯ τ .
We now obtain a map
(3.1) πτ¯ : S
ns(τ¯) −→ Xτ¯ × T
reg
d ,
where the composition of πτ¯ with the projection to T
reg
d is given by restriction
of the canonical map Snsd → T
reg
d . The following theorem is the main result
of this section.
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Theorem 3.1. The map
πτ¯ : S
ns(τ¯ ) −→ Xτ¯ × T
reg
d
is finite and injective.
3.1. Partially proper morphisms and the valuative criterion. Before
we continue, we need some preparation about proper morphisms. We collect
some definitions and properties from [Hu, 1.3].
Definition 3.2. Let f : X → Y be a morphism of adic spaces.
(i) The morphism f is called proper if it is of +-weakly finite type and
universally closed.
(ii) The morhpism is called partially proper if it is locally of +-weakly finite
type and universally specializing.
Remark 3.3. We are not going to define the finiteness condition being locally
of +-weakly finite type here. As we work in the category of adic spaces
locally of fintie type over Qp, all morphisms are locally of
+-weakly finite
type. Further all morphisms of finite type (that is in this case all quasi-
compact morphisms) are of +-weakly finite type. See [Hu, 1.2] for the precise
definitions.
Recall that a valuation ring of an adic space X is a tuple (A, x), with
x ∈ X and A ⊂ k(x)+ open and integrally closed. A center of (A, x) is a
point y ∈ X which is a specialization of x such that k(y)+ = i−1(A) under
the canonical map i : k(y)→ k(x).
Proposition 3.4. Let f : X → Y be a morphism of adic spaces which is
locally of +-weakly finite type.
(i) The morphism f is proper if and only it is partially proper and quasi-
compact.
(ii) The morphism f is separated if and only if it is quasi-separated and if
for all valuation rings (A, x) of X and every center y of (A ∩ k(f(x)), f(x))
in Y there is at most one center z of (A, x) mapping to y.
(iii) The morphism f is partially proper if and only if it is quasi-separated and
if for all valuation rings (A, x) of X and every center y of (A∩k(f(x)), f(x))
in Y there is a unique center z of (A, x) mapping to y.
Proof. This is [Hu, Lemma 1.3.4, Proposition 1.3.7 and Corollary 1.3.9]. 
Proposition 3.5. Let f : X → Y be a proper and quasi-finite morphism of
adic spaces locally of finite type over Qp. Then f is finite.
Proof. This is a special case of [Hu, Proposition 1.5.5]. 
We end this subsection by recalling that the inclusion of the admissible
locus in a family of (ϕ,Γ)-modules is partially proper.
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Proposition 3.6. Let X be a reduced adic space locally of finite type over
Qp and N be a family of (ϕ,Γ)-modules over RX . Then the inclusion of the
admissible locus Xadm →֒ X is partially proper.
Proof. This is contained in the statement of Theorem 2.1. 
3.2. Properness of the trianguline family. We are now going to proof
Theorem 3.1. By the above discussion we need to show that πτ¯ is partially
proper, quasi-compact and finite over rigid analytic points.
Lemma 3.7. Let X be an adic space of finite type over Qp and let N1, N2
be families of (ϕ,Γ)-modules of rank d over RX such that N1 is étale. Then
the subset
Y = {x ∈ X | N1 ⊗ k(x) ∼= N2 ⊗ k(x) as (ϕ,Γ)-modules}
is quasi-compact.
Proof. As N1 is known to be étale, the restriction of N2 to Y has to be étale
as well. Hence it suffices to consider Ni|X×B[r,s] for some r < s < 1, as Ni
may be reconstructed from this restriction, compare [He1, Proposition 6.5].
Let N1 ⊂ N1|X×B[r,s] be an étale lattice and let N2 ⊂ N2|X×B[r,s] be any
lattice. Without loss of generality we may assume that X = Spa(A,A+)
is affinoid. If we set B = A〈p−sT, prT−1〉, then X × B[r,s] = Spa(B,B
+).
Let γ ∈ Γ be a topological generator, then Φ and γ act on N1 and N2 by
p-isogenies, i.e. Φ and γ induce morphisms
Ni −→ p
−N
Ni
for some N ≫ 0 depending on Φ and γ. For M > 0 we write
(3.2) XM = {f ∈ Hom(N1,N2) | p
M
N2 ⊂ f(N1) ⊂ p
−M
N2}.
This space is of finite type over X × B[r,s] and in fact XM = Spa(BM , B
+
M )
for the ring
BM = B〈p
Mu1, . . . , p
Mud2 , p
Mu−11 , . . . , p
Mu−1
d2
, pM det, pM det−1〉.
. Further we have⋃
M>0
XM = Isom(N1|X×B[r,s] ,N2|X×B[r,s]) =: X∞
and X∞ is the analytification of the scheme SpecB×GLd. Let Z ⊂ SpecB×
GLd denote the Zariski-closed subspace defined by the morphisms which
commute with Φ and γ. The analytification Zad of Z is a Zariski closed
subset of X∞ given by all isomorphisms commuting with Φ and γ.
It follows from (3.2) that the images of the morphisms
SpecBM −→ SpecB ×GLd
cover SpecB ×GLd and hence there is some M such that the image meets
each irreducible component of Z (note that B and BM are noetherian).
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If now x0 ∈ B[r,s] is any points with residue field not finite over Qp (i.e. if
a function f vanishes at x0, then it is identically 0), then it follows that
(Zad ∩XM )x0 = (Z
ad ∩XM )×B[r,s] {x0}
maps onto Y under the canonical projection to X. The claim follows, as
Zad ∩XM , and hence (Z
ad ∩XM )x0 , are quasi-compact. 
Corollary 3.8. The map πτ¯ defined in (3.1) is quasi-compact.
Proof. Recall the definition of the space X˜τ¯ from the previous section. The
universal family of Gp-representations on X˜

τ¯ is denoted by V

τ¯ . We consider
the fiber product
S˜ns(τ¯ ) //
π˜τ¯

Sns(τ¯)
πτ¯

X˜

τ¯ × T
reg
d
// Xτ¯ × T
reg
d .
As X˜τ¯ → Xτ¯ is quasi-compact and surjective, it is enough to show that the
base change π˜τ¯ is quasi-compact.
Let U = Spa(A,A+) ⊂ X˜τ¯ ×T
reg
d be affinoid open. We need to show that
V = (π˜τ¯ )
−1(U) ⊂ S˜ns(τ¯ )
is quasi-compact.
By construction, the morphism Snsd → T
reg
d is proper and hence quasi-
compact. It follows that
U ′ = U ×T regd S
ns
d
is quasi-compact. Now there are two families N1 and N2 of (ϕ,Γ)-modules
on U ′: Write f for the composition
f : U ′ −→ U −→ Xτ¯
an let g denote the projection g : U ′ → Snsd . We set
N1 = D
†
rig(f
∗Vτ¯ ) and N2 = g
∗Dnsd .
It follows from Lemma 3.7 that
Y = {y ∈ U ′ | N1 ⊗ k(y) ∼= N2 ⊗ k(y) as (ϕ,Γ)-modules}
is quasi-compact. On the other hand
Y ⊂ U ×T reg
d
Sns,admd
and it follows from the construction that Y maps onto
(π˜τ¯ )
−1(U) ⊂ S˜ns(τ¯ ) = X˜τ¯ ×Xτ¯ S
ns(τ¯).

Proposition 3.9. The morphism πτ¯ : S
ns(τ¯) → Xτ¯ × T
reg
d is injective on
the level of rigid analytic points.
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Proof. Let x = (τ, δ1, . . . , δd) ∈ imπτ¯ be a rigid analytic point and let ρ :
Gp → GL(V ) be the associated representation on a d-dimensional vector
space V over a finite extension E of Qp. Write D = D
†
rig(V ) for the (ϕ,Γ)-
module over RE = RSpa(E,OE) associated with V . We need to show that D
has a unique triangulation with weights (δ1, . . . , δd). The existence of such
a triangulation is obvious. Proceeding by descending induction it is enough
to show that
D1 =
{
x ∈ X
∣∣∣∣ D/REx is torsion free over RE ,Φ(x) = δ1(p), γ.x = δ1(γ)x
}
has E-dimension 1. However, this is an obvious consequence of the fact that
the filtration has to be nowhere split and (δ1, . . . , δd) ∈ T
reg
d . 
Proof of Theorem 3.1. We need to show that πτ¯ is proper and injective at
rigid analytic points. As we have already shown that πτ¯ is quasi-compact
and injective, it remains to show that it is partially proper. To check that
πτ¯ is partially proper, we use the valuative criterion. It is clear that πτ¯ is
separated (and especially quasi-separated), as the morphisms Snsd → T
reg
d
and Xτ¯ × T
reg
d → T
reg
d are separated.
Let (A, x) be a valuation ring of Sns(τ¯) and let y be a center of its image
in Xτ¯ × T
reg
d . We need to show that there is a unique center z of (x,A)
mapping to y. Let y0 ∈ T
reg
d denote the image of y. As S
ns
d → T
reg
d is proper
there is a unique center z ∈ Snsd of (x,A) mapping to z. As the inclusion
of the admissible locus is partially proper by Proposition 3.6, it follows that
z ∈ Sns,admd . It is then obvious that z ∈ S
ns(τ¯ ) ⊂ Sns,admd .
Finally z has to map to y as Xτ¯ × T
reg
d → T
reg
d is separated. 
Proposition 3.10. The image of a proper map f : X → Y of adic spaces
locally of finite type over Qp is Zariski closed.
Proof. It follows from [Kie] that f∗OX is a coherent OY -module. Hence its
support is Zariski-closed. On the other hand supp(f∗OX) is the closure of
f(X) ⊂ Y . The claim follows as a proper map is closed. 
Corollary 3.11. The image of πτ¯ is a Zariski-closed subspace
X(τ¯ )reg ⊂ Xτ¯ × T
reg.
Proof. This is an immediate consequence of the above. 
Definition 3.12. The local finite slope space X(τ¯ ) is the (Zariski-) closure
of
X(τ¯ )reg ⊂ Xτ¯ × T
d.
We further write Tτ¯ : Gp → OX(τ¯ ) for the universal pseudo-character on
X(τ¯). If x ∈ X(τ¯ )(Q¯p), we write ρx for the Q¯p-valued Gp-representation
with trace
Tτ¯ ⊗ k(x) : Gp −→ Γ(X(τ¯ ),OX(τ¯ )) −→ k(x).
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We also write πτ¯ : S
ns(τ¯ )→ X(τ¯ )reg for the factorization of the morhphism
defined in (3.1). Further we write S(τ¯) for the normalization of X(τ¯ ) in
Sns(τ¯). This yields a space
S(τ¯) −→ X(τ¯ )
whose structure morhpism will again be denoted by πτ¯ . Finally let V
reg
τ¯
denote the family of Gp-representations on Sns(τ¯). The trace of this family
is obviously given by π∗τ¯
(
Tτ¯ |X(τ¯ )reg
)
.
Proposition 3.13. The local finite slope space is equidimensional of dime-
nion
dimX(τ¯ ) = 1 + d(d+1)2 = 1 + dimB,
where B ⊂ GLd is a Borel subgroup. The connected components of X(τ¯ ) are
irreducible.
Proof. It is clear that X(τ¯ ) has the same dimension as Snsd . This space is
smooth of relative dimension (d− 1)(d− 2)/2 over T regd . It follows that
dimSnsd = dim T
reg
d +
(d−1)(d−2)
2 = 2d+
(d−1)(d−2)
2 = 1 +
d(d+1)
2 .
Further the connected components of Sns,admd are irreducible and hence the
same is true for the finite slope space. 
It seems to be very hard to prove anything about the global geometry of
X(τ¯)reg. It is a direct consequence of the construction that the connected
components are irreducible. However nothing is implied on the number of
connected components.
Question: Is it true that X(τ¯ ) has finitely many connected components?
3.3. The weight map. Recall that T = W × Gm, where W is the weight
space, i.e. the space of all continuous characters of Z×p . For an affinoid
algebra A we have
W(Spa(A,A+)) = {continuous homomorphisms Z×p −→ A
×}.
This is the generic fiber of Spf(Zp[[Z
×
p ]]) and decomposes into a disjoint sum
of p − 1 copies of the open unit disc U over Qp. Let γ be a topological
generator of Γ = Z×p . For δ ∈ W(A) we define its weight
(3.3) ω(δ) = −
(
∂δ
∂γ
)
γ=1
= −
log(δ(1 + p))
log(1 + p)
∈ A,
see [BeCh, 2.3.3] for example. As the logarithm is given by the power-series
T 7−→
∑
n≥1
(−1)n+1
T n
n
∈ Qp[[T ]]
and as this power series defines a homomorphism Qp[T ] → Γ(U,OU) we
obtain a map ω :W −→ A1Qp to which we refer as the weight map.
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Lemma 3.14. Let x = (x0, δ1, . . . , δd) ∈ X(τ¯ ) ⊂ Xτ¯ × T
d, then the image
(ω(δ1), . . . , ω(δd)) ∈ k(x)
d of x under the map
ω = (ω1, . . . .ωd) : X(τ¯ ) −→ Xτ¯ ×W
d ×Gdm −→W
d −→ AdQp
is given by the generalized Hodge-Tate weights of ρx.
Proof. It follows from [BeCh, Proposition 2.3.3] that∏d
i=1
(T − ω(δi)) ∈ k(x)[T ]
is the Sen-polynomial of Vτ¯ ⊗ k(x
′) for any x′ ∈ S(τ¯) mapping to x. The
claim follows from this. See also [Be, Theorem 3.11]. 
The following variant of X(τ¯ ) will be of importance in our further discus-
sion.
Definition 3.15. Let
Z =
⋃
i
{ti = 0} ⊂ A
d
Qp
=
(
Spec(Qp[t1, . . . , td])
)ad
.
Then define X0(τ¯) = ω−1(Z) ⊂ X(τ¯ ). This is the Zariski closed subspace of
X(τ¯) consisting of those representations which have at least one Hodge-Tate
weight equal to 0.
3.4. Density of crystalline representations. In the theory of eigenvari-
eties for definite unitary groups one demands that there is a Zariski-dense
accumulation subset of the eigenvariety, arising from automorphic represen-
tations with minimal level at p. The local analogue for finite slope spaces of
this fact it the density of crystalline representations. This result is a variant
of Chenevier’s density result [Ch2].
Recall that a Zariski-dense subset Z of an adic space X (locally of finite
type over Qp) is called accumulation, if for all z ∈ Z and any open and
connected U ⊂ X with z ∈ U , the intersection Z ∩ U is Zariski-dense in U .
Further we say that a rigid analytic point x ∈ X(τ¯ )(Q¯p) is crystalline, if
the representation ρx is crystalline
3.
Proposition 3.16. The set of crystalline representations is Zariski-dense
and accumulation in the connected components of X(τ¯ ) that contain at least
one crystalline point. The same is true for X0(τ¯ ).
Proof. It follows from [Ch2, Theorem 3.14] that the crystalline points are
Zariski-dense and accumulation in Snsd . Hence the crystalline points are
Zariski-dense and accumulation in every component of Sns(τ¯) containing at
least one crystalline point. As Sns(τ¯) → X(τ¯ )reg is a homoemorphism, the
crystalline points are Zariski-dense and accumulation in the corresponding
subset of Xreg(τ¯). The claim follows from this, as any neighborhood of
3 i.e. the representation associated to the evaluation Tτ¯ ⊗ k(x)
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a crystalline point in X(τ¯ )\Xreg(τ¯) contains a Zariski-dense set of regular
crystalline points. 
Definition 3.17. We denote by X˜(τ¯) the union of all components of X(τ¯ )
which contain a crystalline point. Similarly we denote by S˜(τ¯ ) the union of
connected components of S(τ¯) containing a crystalline point.
We recall from [BeCh, Definition 4.2.3] the notion of a refined family of
Galois representations.
Definition 3.18. A family of refined p-adic representations of dimension
d consists of a reduced rigid analytic space X (or a reduced adic space
locally of finite type over Qp) together with a continuous pseudo-character
T : Gp → OX and analytic functions κ1, . . . , κd, F1, . . . , Fd ∈ Γ(X,OX ) and
a Zariski-dense subset Z ⊂ X(Q¯p) such that
(i) For all x ∈ X the Hodge-Tate-Sen weights of ρx are (with multiplic-
ity) κ1(x), . . . , κd(x).
(ii) The representations ρz are crystalline for all z ∈ Z.
(iii) If z ∈ Z, then κ1(z) < κ2(z) < · · · < κd(z).
(iv) The eigenvalues of the crystalline Frobenius acting on Dcris(ρz) are
distinct and given by (pκ1(z)F1(z), . . . , p
κd(z)Fd(z)).
(v) For each n there exists a continuous character δ : Z×p → Γ(X,O
×
X )
whose derivative at 1 ∈ Z×p is the map κn and whose evaluation at
any point z ∈ Z is the evaluation of the κn(z)-th power.
(vi) For any non-negative integer C let ZC denote the set of z ∈ Z such
that
κ2(z)− κ1(z) > C and
κn+1(z)− κn(z) > C(κn(z)− κn−1(z)) for all n = 2, . . . , d− 1.
Then ZC accumulates at every point of Z.
Recall the definition of the weights ω1, . . . , ωd on X(τ¯ ). We set
Z = {x ∈ X(τ¯)(Q¯p) | ρx crystalline and ω1(x) < . . . , < ωd(x)}.
Proposition 3.19. The family
(X˜(τ¯), Tτ¯ |X˜(τ¯),Z, δ1(p), . . . , δd(p), ω1, . . . , ωd)
is a family of refined p-adic representations.
Proof. It is clear that the sets ZC accumulate at all points of Z and that Z
is Zariski-dense in X˜(τ¯). Further the weights ωi are the derivations of δi|Z×p
at the origin. Condition (i) now follows from Lemma 3.14 and (iv) follows
from [BeCh, Proposition 2.4.1]. 
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Corollary 3.20. The finite slope space X˜(τ¯) is the universal refined family
with residual pseudo-character τ¯ in the following sense: Let (X,T,Z, F•, κ•)
be a refined family such that T reduces to τ¯ modulo O++X . Then there exists
unique morphism f : X → X˜(τ¯ ) such that T = f∗Tτ¯ and Z ⊂ f
−1(Z) and
such that κn = f
∗ωn and Fn = f
∗δn(p).
Proof. By assumption κn is the derivation at the origin of a character
ǫn : Z
×
p −→ Γ(X(τ¯ ),O
×
X(τ¯ ))
such that the evaluation at z ∈ Z is the κn(z)-th power. As Z is Zariski-
dense, this continuous family of characters is unique. These data define a
map
f = (T, F•, ǫ•) : X −→ Xτ¯ ×G
d
m ×W
d = Xτ¯ × T
d.
As X is reduced it is enough to show that this map factors topologically
over X˜(τ¯). However, this follows from the fact that X˜(τ¯) ⊂ Xτ¯ × T
d is
Zariski-closed and contains all crystalline representations with the regularity
conditions (iii) and (iv), and the density of crystalline representations in
X. To prove κn = f
∗ωn and Fn = f
∗δn(p) is is enough to consider their
evaluation at the points in Z, where the claim is obvious. 
3.5. Comparison with Kisin’s finite slope subspace. In this section
we assume that d = 2 and want to link our construction to Kisin’s finite
slope subspace, as defined in [Ki1]. As our space is defined as a subspace of
Xτ¯ ×T
d while Kisin’s is a subspace of Xversρ¯ ×Gm (where X
vers
ρ¯ is the generic
fiber of the versal deformation ring of a residual representation ρ¯), we first
have to adapt our definitions to Kisin’s setting. Let
ρ¯ : Gp −→ GL2(F)
be a continuous representation of Gp with coefficients in a finite field F. For
simplicity we assume that ρ¯ is not a twist of the trivial representation. We
write Rversρ¯ for the versal deformation ring of ρ¯ and X
vers
ρ¯ for the generic fiber
of Spf Rversρ¯ . Denote by τ¯ the trace of ρ¯. Then we have a morphism
X
vers
ρ¯ −→ Xτ¯
and we denote by X(ρ¯) ⊂ Xversρ¯ × Td the pullback of X(τ¯ ) along this map.
The pullback of X0(τ¯ ) ⊂ X(τ¯ ) will we denoted by X0(ρ¯). We write Vρ¯
for the family of Gp-representations on X(ρ¯) (or X
0(ρ¯)) given by the versal
deformation of ρ¯.
Proposition 3.21. The morphism
f : X(ρ¯) −→ Xversρ¯ × T
2 −→ Xversρ¯ ×Gm
induced by the projection T 2 = W2 × G2m → Gm to the first factor of the
G2m, is finite and generically injective. The same is true for the restriction
f |X0(ρ¯).
16 E. HELLMANN
Proof. It is enough to show that the morphism
g : X(ρ¯) −→ Xversρ¯ ×G
2
m
has the required properties, as we can recover the second eigenvalue of Φ by
(ρ, λ) 7→ (ρ, λ, λ−1δdet ρ(p)), where
(3.4) D†rig(det ρ) = RXversρ¯ (δdet ρ).
Now, given an affinoid open subspace U ⊂ Xversρ¯ × G
2
m there is a unique Φ-
stable subspace of D†rig(Vρ¯|U ), as the extension of the underlying ϕ-modules
is generically non-split. We then define δ1|Z×p as the unique character such
that Γ acts on a generator of this subspace via multiplication with δ1. Then
δ2 is determined by δ1δ2 = δdet ρ and (3.4). It follows that the map g is quasi-
compact and hence proper, as it it obviously partially proper. It is clear that
away from the diagonal of G2m the preimage of a rigid analytic point consists
just of one point. However, as ρ¯ is not a direct sum of two equal characters,
so is every representation ρ ∈ Xversρ¯ and hence the pre-image of the points
on the diagonal of G2m consists of at most 2 points. 
For the rest of this subesction, we write Y (ρ¯) for the image of X0(ρ¯) under
f and Y˜ (ρ¯) for the union of the irreducible components Y (ρ¯) that contain a
crystalline point. Recall that Kisin [Ki1, 5] has defined a finite slope space
Xfs as a subspace of the product X
vers
ρ¯ ×Gm. This subspace is characterized
by the following conditions: Let X be an reduced adic space locally of finite
type equipped with a family of Gp-representations V on the trivial vector
bundle of rank 2 and let Y ∈ Γ(X,O×X) be an invertible global section on X.
Then there is a unique closed subspace Xfs ⊂ X such that
(i) The Sen-Polynomial P (T ) of the representations ρ ∈ X factors as
P (T ) = TQ(T ), when restricted to Xfs.
(ii) For all integers j ≤ 0 the subspaceXfs,Q(j) = {x ∈ Xfs | Q(j)(x) 6= 0}
is scheme-theoretically dense in Xfs.
(iii) For any affinoid algebra A and any Y -small map f : Spa(A,A+)→ X
such that f factors over XQ(j) for every integer j ≤ 0, the map f
factors over Xfs if and only if every A-linear Gp-invariant period
hA : Γ(Spa(A,A
+), f∗V) −→ B+dR⊗ˆQpA
factors over (Bcris⊗ˆQpA)
ϕ=f∗Y ⊂ B+dR⊗ˆQpA.
Here the condition being Y -small means that there exists a finite extension
K over Qp and λ ∈ A ⊗Qp K such that K(λ) is a product of finite field
extensions of K and Y λ−1− 1 is topologically nilpotent in Spa(A,A+)⊗K.
The following result shows that Kisins notion coincides with our definition.
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Proposition 3.22. With the above notations Y˜ (ρ¯) is precisely given by those
irreducible components of (
X
vers
ρ¯ ×Gm
)
fs
that contain at least one crystalline point.
Proof. First it is clear that(
X
vers
ρ¯ ×Gm
)
fs
⊂ Y (ρ¯).
This may be checked on the level of points and follows from the description
of the points of Kisin’s finite slope space given in [Ki1, Proposition 10.4]:
The points with generalized Hodge-Tate weights 0 and k, where k is not a
non-negative integer, are dense, and it follows from [Co, Proposition 4.3] that
the existence of a crystalline period is equivalent to the condition of being
trianguline (the regularity condition on the weights of the triangulations is
automatic as we demand that the Hodge-Tate weights are distinct).
Further we check that Y˜ (ρ¯)fs = Y˜ (ρ¯). As in the section above we may
consider the maximal subset of crystalline points Z ⊂ Y˜ (ρ¯) which makes
Y˜ (ρ¯) into a refined family. It then follows from [BeCh, Theorem 3.3.3] that
we have Y˜ (ρ¯)fs = Y˜ (ρ¯). These two statements imply the claim:
Conditions (i) and (ii) are obviously satisfied by construction of Y˜ (ρ¯). Let
f : Spa(A,A+) → Xversρ¯ × Gm be a map as in (iii), and we further assume
that the crystalline points are dense in Spa(A,A+).
If every de Rham period hA is crystalline, then f factors over Kisin’s finite
slope space and our first claim shows that f factors over Y˜ (ρ¯).
If on the other hand f factors over Y˜ (ρ¯), then the second claim shows
that every de Rham period hA is crystalline (with the desired action of the
crystalline Frobenius). 
4. The global construction
Fix a finite set S of primes and let E be a finite extension of Q such that
p completely splits in E. Let ES ⊂ Q¯ be the maximal subextension of E
in a fixed algebraic closure Q¯ which is unramified outside the places of E
lying over the primes in S. Further we write GE,S = Gal(ES , E) for the
corresponding Galois-group. For the rest of this section we fix a continuous
pseudo-character
τ¯ : GE,S −→ F
and write τ¯p for the restriction of τ¯ to Gp induced by choosing a prime of E
above p. Again we write Rτ¯ for the universal deformation ring of τ¯ and Xτ¯
for its generic fiber. Consider the map
(4.1) Xτ¯ −→ Xτ¯p
given by restricting the universal deformation of τ¯ to Gp.
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Definition 4.1. The global finite slope space X(τ¯ ) is the pullback of the
local finite slope space X(τ¯p) along the map (4.1). We write Tτ¯ for the
universal pseudo-character on X(τ¯ ).
Recall that a rigid analytic space (or an adic space locally of finite type
over Qp) is called quasi-Stein if there is a covering X =
⋃
i≥0 Ui by open
affinoids with Ui ⊂ Ui+1 such that Γ(Ui+1,OX) → Γ(Ui,OX ) has dense
image. Further X is called nested if there is a covering X =
⋃
i≥0 Vi by open
affinoids with Vi ⊂ Vi+1 such that Γ(Vi+1,OX)→ Γ(Vi,OX) is compact.
Proposition 4.2. (i) The finite slope space X(τ¯ ) is a nested quasi-Stein
space.
(ii) The map X(τ¯ ) → Wd is quasi-Stein, i.e. the preimage of an affinoid
open is a quasi-Stein space.
(iii) If Z is a connected component of the local finite slope space X(τ¯p), then
the pre-image of Z under X(τ¯ ) → X(τ¯p) has only finitely many irreducible
components.
Proof. The first point is a direct consequence of the construction and the
second point follows from this. Finally (iii) follows from the fact the the
kernel of Rτ¯p → Rτ¯ is generated by finitely many elements. 
Lemma 4.3. Let U ⊂ X(τ¯ ) denote the Zariski-open subspace where the
restriction Tτ¯ |Gp is absolutely irreducible. Then the projection U → X(τ¯p)
factors over S(τ¯p).
Proof. Let Up ⊂ X(τ¯p) denote the open subspace such that the pseudo-
character Tτ¯p is absolutely irreducible when restricted to Up. If US denotes
its pre-image under πτ¯p , then the induced map
f = πτ¯p |US : US −→ Up
is étale, as for absolutely irreducible representations it is equivalent to deform
the representation itself, or its trace.
Let x ∈ X(τ¯ ) with corresponding representation ρx : GE,S → GLd(Q¯p).
This representation has actually coefficients in k(x), as the images of the
Frobenius elements at the unramified places have entries in k(x) and as they
generate a dense subgroup of GE,S by the Chebotarev-density theorem. It
follows that the étale cover f ′ in the cartesian diagram
Sns(τ¯) //
f ′

US
f

U // Up
splits into a disjoint union of U . Especially f ′ admits a section which implies
the claim. 
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Corollary 4.4. Assume that τ¯ is the trace of an absolutely irreducible rep-
resentation ρ¯.
(i) There is a family Vτ¯ of GE,S-representations on X(ρ¯) with trace Tτ¯ .
(ii) Let Z ⊂ X(τ¯) be an irreducible component such that Tτ¯ |Gp is absolutely
irreducible at one point of Z and such that at least one point of Z maps to
the regular locus Xreg(τ¯p) ⊂ X(τ¯p). Then the family Vτ¯ |Gp is trianguline at
all points of Z.
(iii) The family Vτ¯ |Gp is a trianguline family over an Zariski-open subset of
Z.
Proof. As τ¯ = tr ρ¯ for an absolutely irreducible representations ρ¯, the uni-
versal deformation ring Rτ¯ of τ¯ also pro-represents the deformation functor
of ρ¯. Hence there is a canonical family Vτ¯ of GE,S-representations on Xτ¯ and
hence also on X(τ¯).
Let U be the Zariski-open subset of the preceding lemma. By assumption
the intersection U ′ = U ∩ Z is non-empty and hence U ′ is Zariski-dense in
Z. It follows from the above lemma and the fact that the pseudo-characters
on U ′ are absolutely irreducible that Vτ¯ |Gp is the trianguline family pulled
back to U ′. The last point follows from this and the second point follows
from the properness of the flag variety: If z ∈ Z maps to X(τ¯p)\X
reg(τ¯p),
then we can specialize a trianguline filtration from the regular locus to z and
obtain again a trianguline filtration4. 
4.1. The action of the Hecke algebra. To define the action of the Hecke-
algebra we need to recall the set up of [BeCh]. Fix a set S0 of primes in Q
and write Hur for the Hecke-algebra
Hur = C
∞
c (GLd(ZˆS0)\GLd(AS0)/GLd(ZˆS0),Z).
Here, and in the following, C∞c (−,M) denotes the set of locally constant
functions with compact support and values in M . This Hecke-algebra will
take care of the information at the unramified places. The situation at p is
controlled by the so called Atkin-Lehner ring which is defined as follows:
Let T ⊂ B ⊂ GLd(Qp) be the diagonal torus resp. the Borel subgroup of
upper triangular matrices and let I ⊂ GLd(Qp) denote the standard Iwahori
subgroup. Further write T ◦ ⊂ T for the Zp-valued points of the diagonal
torus and
U = {diag(pa1 , . . . , pad) ∈ T | ai ∈ Z}
U− = {diag(pa1 , . . . , pad) ∈ U | ai ≥ ai+1}.
Then the Atkin-Lehner ring is the subring
Ap ⊂ C
∞
c
(
I\GLd(Qp)/I,Z
[
1
p
])
4However, note that this does not automatically imply that the whole family Vτ¯ |Gp is
trianguline.
20 E. HELLMANN
generated by characteristic functions of the subsets IuI with u ∈ U− and
their inverses, compare [BeCh, 6.4] for these definitions. By [BeCh, Propo-
sition 6.4.1] we have Ap ∼= Z[U ].
Finally, the Hecke-algebra we are going to consider is
H = Hur ⊗Z Ap ⊂ C
∞
c (GLd(AS0,p),Q).
Assume that S ∩ S0 = ∅. Then there is an obvious ring-homomorhpism
ψgalur : Hur → Rτ¯ : Let ℓ ∈ S0 and let
P (T1, . . . , Td) ∈ Z[T1, . . . , Td]
Sd
be an element of the Hecke-algebra at the prime ℓ. Then P is mapped to its
evaluation on the eigenvalues of the Frobenius Frobℓ at ℓ.
Further we can construct an action of the Atkin-Lehner ring on T d as
follows. Let
hi = diag(1, . . . , 1, p, 1, . . . , 1) ∈ U,
with p at the i-th entry. There is a ring homomorphism
ψgalp : Ap −→ Γ(T
d,OT d)
such that ψgalp (hi) = δi(p). The above defines a ring homomorphism
ψgal = ψgalur ⊗ ψ
gal
p : H = Hur ⊗Z Ap −→ Γ(X(τ¯ ),OX(τ¯ )).
Proposition 4.5. Assume that the set S0 has Dirichlet-density 1.
(i) The homomorphism ψgal has dense image and
ψgalur (Hur) ⊂ Γ(X(τ¯ ),O
+
X(τ¯ )).
(ii) Let u0, . . . , um ∈ A
×
p . Then
νm = (ω,ψ(u0)
−1, . . . , ψ(um)
−1) : X(τ¯ ) −→Wd ×Gmm
induces surjections
ψgal ⊗ ν♯m : H⊗Z Γ(V,OWd×Gmm) −→ Γ(ν
−1
m (V ),OX(τ¯ ))
for all affinoid opens V ⊂ Wd ×Gmm if and only if νm is finite.
Proof. (i) This follows from the Chebotarev desity theorem and the assump-
tion that S0 has density 1.
(ii) If the map is finite, then Γ(ν−1m (V ),OX(τ¯ )) is generated by finitely many
sections over Γ(V,OWd×Gmm). Hence density of the image implies surjectivity.
Assume conversely that the map is surjective. As Γ(ν−1m (V ),OX(τ¯ )) is gen-
erated by a countable set of generators over Γ(V,OWd×Gmm), it has to be
generated by finitely many elements. 
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4.2. Comparison with eigenvarieties. To compare finite slope spaces
with eigenvarieties we recall the aximoatic set up from [BeCh, 7.2]. Let
E be an étale Q-algebra of rank 2 with non-trivial Q-automorhpism c. Fur-
ther let ∆ be a central simple E-algebra of rank d2 and let x 7→ x∗ be a
Q-involution of the second kind on ∆. Let G be the reductive group over Q
attached to ∆, i.e.
G(A) = {g ∈ (∆⊗k A)
× | gg∗ = 1}.
In the following we will assume that p splits in E and that G splits at p,
i.e. G ⊗Q Qp = GLd,Qp . Further we assume that G is compact at infinity.
We recall the notion of a p-refined automorphic representation from [BeCh,
7.2.2].
Definition 4.6. A p-refined automorphic representation of weight k ∈ Zd
of G is a pair (π,R) consisting of an irreducible automorphic representation
π of G(A) such that π∞ is induced by restriction of the representation of
GLd(C) of highest weight k = (k1, . . . , kd) under G(R) →֒ GLd(C). Further
πp is unramified and R is a refinement of πp, that is, an ordering of the
eigenvalues of the Satake parameter of πp. In other words R is given by a
character χ : U ∼= T/T ◦ → C×. We further require that the refinement is
accessible which means that there is an embedding
πp −→ Ind
GLd(Qp)
B χ.
Let S0 be a set of primes ℓ such that ℓ splits in E and G⊗QQℓ ∼= GLd(Qℓ).
We further choose a model of G over Z and assume that G(Zℓ) is maximal
compact for ℓ ∈ S0. In this case the data of a p-refined automorphic repre-
sentation (π,R) gives rise to a character ψ = ψ(π,R) of the Hecke algebra H
defined in the previous section: The restriction ψur of ψ to the unramified
Hecke algebra is given by the Satake parameter of πS0 while the restriction
ψp of ψ to Ap is defined by
ψp|U = χδ
−1/2
B δk.
Here δk is the character (zi) 7→ (z
ki
i ) of the diagonal torus and δB is the
modulus character. This defines a C-valued character of H which takes
values in Q¯ by [BeCh, Lemma 6.2.7] and hence may be viewed as a Q¯p-
valued character (after choosing embeddings Q¯ →֒ C and Q¯ →֒ Q¯p). Let Z
be a subset of the set
(4.2)
{
(ψ(π,R), k) ∈ Hom(H, Q¯p)× Z
d
(π,R) is a p-refined automorphic representations of weight k
}
.
Further let u0 = diag(p
d−1, . . . , p, 1) ∈ U− ⊂ A×p .
Definition 4.7. An eigenvariety for Z is a reduced rigid analytic space
X equippend with a ring homomorphism ψ : H → Γ(X,OX ), a morhpism
ω : X →Wd and a Zariski-dense accumulation subset Z ⊂ X(Q¯p) such that
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(i) The map ν = (ω,ψ(u0)
−1) : X →Wd ×Gm is finite.
(ii) For all open affinoid V ⊂ Wd ×Gm the natural map
ψ ⊗ ν∗ : H⊗ Γ(V,OWd×Gm) −→ Γ(ν
−1(V ),OX)
is surjective.
(iii) There is a bijection Z → Z induced by the evaluation of ψ and ω.
If it exists, an eigenvariety is unique up to unique isomorphism, see [BeCh,
Proposition 7.2.8]. We have seen above that the global finite slope space has
properties that are at least similar to the ones of eigenvarieties. To have a
better comparison with eigenvarieties we need to specialize our set up. In
the following we will assume that we are in one of the following cases.
(a) E = Q×Q and ∆ = ∆1×∆
opp
1 for a definite quaternion algebra ∆1
over Q. Especially d = 2.
(b) E an imaginary quadratic extension and ∆ is associated to the her-
mitian form q : (z1, . . . , zd) 7→
∑
N(zi), where N : E → Q is the
norm map.
(c) E an imaginary quadratic extension and G is a definite unitary group
such that G(Qℓ) is either quasi-split or isomorphic to the group of
invertible elements of a central division algebra over Qℓ. The latter
case occurring for at least one prime q.
In the following we assume that we are in the situation of [BeCh, 7.5]. That
is we assume that the set S0 has Dirichlet-density 1 and fix a compact open
subgroup Kp =
∏
ℓ 6=pKℓ ⊂ G(A
p
f ). Finally we choose a finite set S of primes
such that p ∈ S and for each ℓ /∈ S or ℓ ∈ S0 the compact open subgroup Kℓ
is maximal hyperspecial or very special compact. Choose the decomposed
idempotent
e ∈ C∞c (G(A
p,S0), Q¯)⊗ 1Hur ⊂ C
∞
c (G(A
p
f ), Q¯)
which satisfies eeKp = eKpe. In case (c) we further assume that eq vanishes
on 1-dimensional representations of the division algebra G(Qq).
Let Ze be the set of all p-refined representations such that e(πp) 6= 0 and let
Z ⊂ Ze be the set of all p-refined representations which are non monodromic
principal series at the primes in a fixed subset SN ⊂ S (which is empty in
case (c)). Let (Y, ψ, ω, Z) be the corresponding eigenvariety which exists by
[BeCh, 7.5].
Proposition 4.8. With the above notations, there exists a continuous pseudo-
character TY : GE,S → Γ(Y,OY ) such that for all z = (π,R) ∈ Z we have
T ⊗ k(z) = tr ρz, where ρz is the Galois-representation
5 associated with the
automorphic representation π.
5In case (b) we need to assume the folklore conjecture (see [BeCh, Conjecture 6.8.1]
for example) on the existence of this representation
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Proof. This is one of the main results of [BeCh, 7.5]. 
As a consequence of the above proposition we introduce the following no-
tation: Let τ¯ : GE,S → F be a pseudo-character. Then Y (ρ¯) ⊂ Y is the open
and closed subset of the eigenvariety Y , where the reduction modulo O++Y
of the pseudo-character TY is isomorphic to τ¯ .
Theorem 4.9. There is a closed embedding Y (τ¯)→ X(τ¯ ) of the τ¯ -component
of the eigenvariety into the finite slope space.
Proof. By [BeCh, Proposition 7.5.13] the restriction of TY to Gp gives rise to
a refined family of Gp-representations. By Corollary 3.20 this yields a map
Y (τ¯)→ X(τ¯p) and hence a map
f : Y (τ¯ )→ X(τ¯ ).
We claim that this map is a closed immersion. Let ν1 : X(τ¯ )→W
d×Gm be
the morphism that is given by the projection to Wd and by the evaluation
of ψgalp (u0)
−1. For an affinoid open V ⊂ Wd×Gm we obtain a commutative
diagram
H⊗Z Γ(V,OWd×Gm)
ψ⊗ν♯ //
ψgal⊗ν♯1 ))❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
❙
Γ(ν−1(V ),OY (τ¯))
Γ(ν−11 (V ),OX(τ¯ )).
f♯
OO
In this diagram the upper arrow is surjective and hence so is f ♯. However,
ν−11 (V ) is a Stein space and ν
−1(V ) is affinoid. As morphisms between quasi-
Stein spaces are given by the induced maps on the global sections, this yields
the claim. 
Corollary 4.10. (i) Assume that τ¯ = tr ρ¯ for an absolutely irreducible rep-
resentation ρ¯. Then there is a family Vρ¯ of GE,S-representations with trace
TY on Y (ρ¯) = Y (τ¯).
(ii) If Z ⊂ Y (ρ¯) is an irreducible component containing at least one point y
such that Vρ¯ ⊗ k(y)|Gp is absolutely irreducible, then the representations on
the fibers of V are trianguline when restricted to Gp.
(iii)The family V|Gp is trianguline over a dense Zariski-open subset of Z.
Proof. (i) This is obvious as ρ¯ is absolutely irreducible.
(ii), (iii) This follows from Corollary 4.4. We only need to see that there are
points of Z that map to the regular part X(τ¯p)
reg ⊂ X(τ¯p). However this
follows from the density of Z and the fact that the points in Z satisfy the
regularity condition. 
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4.3. The 2-dimensional case. Before we make a conjecture concerning the
cases (b) and (c) we first study case (a). This result is already contained in
Kisin’s papers [Ki1] and [Ki2]. We assume that
ρ¯ : GQ,S −→ GL2(F)
is odd and absolutely irreducible when restricted to Gal(QS ,Q(ζp)). As
above we write τ¯ for the trace of ρ¯. Further we assume that ρ¯|Gp is not
an extension of a character ψ by ψ(1). In this case Kisin [Ki2] has proved
(special cases of) the Fontaine-Mazur conjecture: A lift ρ : GQ,S → GL2(OF )
with values in the ring of integers of a finite extension F of Qp is (up to twist)
modular if it is de Rham with distinct Hodge-Tate weights at Gp and becomes
semi-stable after restriction to the Galois group of an abelian extension of
Qp. Especially the representations that are crystalline at p with Hodge-Tate
weights 0 and k > 0 are modular.
Lemma 4.11. Let H be a group acting on the trivial vector bundle V of rank
d over a noetherian scheme X. Then the map
X ∋ x 7−→ dimk(x)
(
V ⊗ k(x)
)H
is upper semi-continuous.
Proof. Let us denote this map by r. If x  y is a specialization, then it is
obvious that r(x) ≤ r(y). We need to show that for each m ∈ Z the set
A = {x ∈ X | r(x) ≥ m}
is constructible (and hence closed, as it is closed under specialization). Let us
write V = Spec
X
(Sym•V∨) ∼= AdX for the geometric vector bundle associated
with V and let us write B ⊂ V for the Zariski-closed subset of H-invariants
in V . We consider the morphism
f =
∧m
: V ×X · · · ×X V −→
∧m
V ∼= Ad
′
X .
Then C = f(B×X · · ·×XB) ⊂
∧m V is constructible and hence so is C\0X ,
where 0X ⊂
∧m V denotes the zero-section. As A is the image of C\0X
under the projection to X, it follows that A is constructible which yields the
claim. 
Corollary 4.12. Let N ≥ 1 be an integer. There is a Zariski-closed subspace
XN (τ¯ ) of X(τ¯ ) such that x ∈ XN (τ¯) if and only if the representation ρx =
Vτ¯ ⊗ k(x) has Artin conductor N(ρx) dividing N .
Proof. This follows by applying the above lemma to the universal deforma-
tion on Rρ¯ and by the formula
valℓ(N(ρ)) =
∑
i≥0
dimV − dimV Iℓ,i
[Iℓ,i : Iℓ]
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for the ℓ-adic valuation of the Artin conductor of a representation ρ : GQ,S →
GL(V ). Here Iℓ ⊂ Gal(Q¯ℓ/Qℓ) is the inertia group and Iℓ,• is the filtration
by higher ramification groups. 
Let D be a definite quaternion algebra which splits at p and let YN be
the eigencurve of tame level N associated to D. Further we write X0N (ρ¯) for
the subspace of the finite slope space X(τ¯ ) where at least one Hodge-Tate
weight is 0 and where the Artin conductor is bounded by N . Compare [Ki1,
Conjecture 11.8] and [Ki2, Corollary] for the following result.
Proposition 4.13. The inclusion YN (ρ¯) →֒ X
0
N (ρ¯) is an inclusion of irre-
ducible components.
Proof. It is enough to check that the irreducible components of X0N (ρ¯) where
the crystalline points are dense have dimension 1. This follows from the
modularity of those representations and the fact that the eigencurve is 1-
dimensional. 
4.4. A general conjecture. We now assume that we are in the situation
(b) or (c). Especially E is an imaginary quadratic extension of Q. We
choose a complex conjugation c ∈ Gal(Q¯,Q) and also write c for its image in
Gal(E,Q). Given a representation ρ : GE,S → GL(V ), we write V
⊥ for the
dual of the representation g 7→ cρ(g)c. The aim of this section is to give a
global version of an infinitesimal conjecture of Bellaiche and Chenevier. For
a point x = (ρ, δ) we define the minimal finite slope space X(ρ¯, x) containing
x similar to the deformation functor of [BeCh, Definition 7.6.2]:
Definition 4.14. Let x = (ρ, δ). We write X⊥(ρ¯) ⊂ X(ρ¯) for the Zariski-
closed subspace of X where ρ⊥ ∼= ρ(d − 1). The minimal finite slope space
X(ρ¯, x) containing x is the subspace of X⊥(ρ¯), where the action of the inertia
groups Iw at places w ∈ S not dividing p factors over the Iw-action given by
x.
This space is a closed subspace of X(ρ¯) and for any x ∈ X(ρ¯) the complete
local ring OˆX(ρ¯,x),x pro-represents the deformation functor defined in [BeCh,
Definition 7.6.2].
Lemma 4.15. If x ∈ X(ρ¯)(L) for a finite extension L of Qp, then X(ρ¯, x)
is a union of connected components of X⊥(ρ¯)⊗Qp L.
Proof. It follows from [BeCh, Lemma 7.8.17] that the restriction of the
pseudo-character T to the inertia groups Iw is locally constant on X, if
w is a place not dividing p. This yields the claim. 
We continue with the set up of [BeCh, 7.6.2]: Fix a prime q 6= p that splits
in E. If d ≡ 0 mod 4, then we fix another prime q′ ∈ {p, q}, if not we set
q = q′. Let G be a unitary group in d variables attached to E/Q such that
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(i) G(R) is compact.
(ii) If ℓ /∈ {q, q′}, then G(Qℓ) is quasi-split.
(iii) If ℓ = q or ℓ = q′, then G(Qℓ) is the group of invertible elements of
a central division algebra over Qℓ.
Such a group exists by [BeCh, Lemma 7.6.8]. Let π be an automorphic
representations of G such that π is only ramified at primes that split in E
and such that πq is supercuspidal. Further we assume that πp is unramified
and its Satake-parameter has d distinct eigenvalues. We denote by Yπ the
minimal eigenvariety containing π and write z ∈ Yπ for the classical points
defined by π, compare [BeCh, 7.6.2].
Lemma 4.16. The inclusion Yπ(ρ¯)→ X(ρ¯) factors over X(ρ¯, z).
Proof. The argument is similar to the one in [BeCh, 7.6.2]. It follows from
the theorem of Harris Taylor [HT] that there are Galois representations ρπ
attached to most classical points π and that they satisfy the condition ρ⊥π
∼=
ρπ(d− 1). 
Let ρπ denote the representation of GE,S associated with π. As we assume
that ρ¯ is absolutely irreducible and that the Hodge-Tate weights k1 < k2 <
· · · < kd of ρπ|Gp are pairwise distinct, it follows from Lemma 4.3 that there
is a canonical triangulation6 Fili(D) of the (ϕ,Γ)-module D = D
†
rig(ρπ). We
assume that ρπ|Gp is non critically refined, i.e. that
Dcris(ρ) = (Fili(D)[1/t])
Γ ⊕ Filki+1(Dcris(ρ))
for all 1 ≤ i ≤ d. This means that the trianguline filtration is in general
position with respect to the Hodge-filtration.
Conjecture 4.17. Let π be as above. The map Yπ(ρ¯) → X(ρ¯, z) is an
inclusion of irreducible components of X(ρ¯, z).
Bellaiche and Chenevier conjecture the infinitesimal analogue of our con-
jecture. Namely they conjecture that OˆYπ,z
∼= OˆX(ρ¯,z),z, see [BeCh, Conjec-
ture 7.6.12]. As our conjecture comes down to a computation of the dimen-
sions of the irreducible components of X(ρ¯, z) we see that it is equivalent to
conjecture that
OˆYπ,z′
∼= OX(ρ¯,z),z′
holds for at least one point z′ in each irreducible component of Yπ.
Remark 4.18. Bellaiche and Chenevier also show that this conjecture is im-
plied by the Bloch-Kato conjecture. Hence it is a very safe conjecture.
6This allows us to drop the regularity condition in (ρ4) of [BeCh, 7.6.2]
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